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Abstract

This paper investigates the exponential and approximate point spectrum of a bounded linear operator
in Banach spaces. We define the operator exp(T') for a bounded linear operator 7' in a Banach space
X and determine if exp(T") is invertible. We show that if S is a bounded linear operator in X and S
commutes with 7" then exp(S + T') equals exp(T).exp(S). If H is a Hilbert space and T is a bounded
linear operator in H which is normal such that T commutes with a bounded linear operator S in H,
then S commutes with the adjoint of 7. The converse of this statement holds. For a bounded linear
operator A in H, the boundary of the spectrum of A is contained in subset of the approximate point
spectrum of A. Also, if A and B are bounded linear operators in H which are similar, then A and
B have the same spectrum, point spectrum, approximate point spectrum and compression spectrum.
Using the Spectral Mapping Theorem, we have shown that the exponential and approximate point
spectrum are independent of the Banach space.
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1 Introduction

The exponential operator and spectrum analysis are fundamental concepts in functional analysis and operator theory.

By studying the behaviour of exponential operator, researchers gain deeper understanding of the structural properties
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of a bounded linear operators on Banach spaces. This forms basis of many theorotical developments in the field. Several
substantial attempts has been made to transfer some of the important features of the spectral theory of normal operators
from the realm of Hilbert spaces to the more general setting of Banach spaces. The most prominent and ambitious step
in the early development of abstract spectral theory was the systematic investigation of spectral operator on Banach
spaces that was initiated by Dunford [2]. The spectrum of a bounded linear operator on Banach Spaces from the view
point of local spectral theory has been investigated in [11], whereby the local spectral properties may be used to identify
certain parts of the spectrum. The exponential stability of operators has been studied in [14]. Mohammed and Ahmed
in [9] studied some properties and the spectrum of exponential operators on a Hilbert space. They considered several
properties such as linearity, norm, analyticity and even the semi group properties and the inverse. They concluded that
the above properties can be passed on from the original operator to the exponential operator.However the later may not

have an inverse defined for all bounded linear operators.

To extend the concept of exponential operators on Banach spaces, Gill et al. in [5] developed the concept of semi-
groups with an approach to operator theory. They exploited this relationship to transfer the theory of semigroups of
operators developed for Hilbert spaces to Banach spaces. Their result was complete for uniformly convex Banach spaces.
Van Neerven in [13] characterized exponential stability of semigroup of operators in terms of its action by convolution
on vector valued function spaces over R, the study of the characterization of these operators provided the fact that the
characterization is not limited to stability of operators.This provides the need to establish other properties to compute

our results.

Gavrilyuk and Makarov [6] proposed a new exponentially convergent algorithms for the operator exponential generated
by a strongly positive operator A in a Banach space X. These algorithms were based on representations by a Dunford-
Cauchy integral along paths enveloping the spectrum of A combined with a proper quadrature involving a short sum of
resolvent. A parabola and a hyperbola are analyzed as the integration paths, and scales of dependence on smoothness
of initial data, i.e., of the initial vector and of the in homogeneous right-hand side, are obtained. One of the algorithm
possesses an exponential convergence rate for the operator exponential e forallt >0 including the initial point. This

allows one to construct an exponentially convergent algorithm for in homogeneous initial value problems.

Sourour [12] studied strongly continuous semigroups T'(¢) : ¢ > 0 of scalar type operators on a Banach space and
extended some well-known results about semigroups of normal or self adjoint operators on a Hilbert space. The main
result was that if T'(¢) : ¢ > 0 is a strongly continuous semigroup of scalar type operators on a weakly complete Banach
space X, and if the resolutions of the identity for 7'(¢) are uniformly bounded in norm, then the infinitesimal generator
is scalar type. Moreover, there exists a countably additive spectral measure K(.) such that T'(¢t) = [ exp(At)dK (A),for
t > 0. Similar spectral representations were given for representations of locally compact abelian groups and for semi
groups of unbounded operators. Connections with the theory of hermitian and normal operators on Banach spaces were
established. It was further shown that R is the infinitesimal generator of a semi groups of hermitian operators on a

Banach space if and only if iR is the generator of a group of isometrics.
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2 Basic Definitions and Preliminary Results

In this section, we give some basic definitions and results that are useful in the sequel. Most of these definitions standard
and can be found in [7, 4, 13, 15].

Theorem 1. Projection Theorem

Let m be a closed linear subspace of a Hilbert space H then

H:mﬂamL where m™ ={y € H:<y,z >=0VY z € H}

Theorem 2. Rieze Representation Theorem
Let H be a Hilbert space and f € H* i.e f is a bounded linear functional on H. Then there exist a unique element
ys € H such that;

flz) =<wz,yr > Vo € H.

Moreover,

1= Nzl

Theorem 3. Let H, K be Hilbert spaces over C and T be a bounded linear operator i.e T € B(H,K). Define a map
fy: H— C for any fized y € K such that fy(z) =< Tz,y >. Then,

i. fy is a linear functional on H.

1. fy is bounded.

Theorem 4. Consider the map T* : y — y*, i.e K — H such that T*(y) = y*. Then
i. T is linear
1. T is bounded

Definition 2.1.
If T € B(H, K), then there exist a unique T € B(K, H) such that T is called the (Hilbert) adjoint of 7T'.

Definition 2.2.
An operator T' € B(H) is said to be invertible if there exists an operator S € B(H) such that

ST =TS =1y
where Iy is the identity map on H.

Proposition 1. Let H be a Hilbert space and S,T € B(H). The following holds:

i )* =0 where 0 is the zero operator.

ii I" = I,t where I is the identity operator on H
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iii (6T)"=6T"VoeC
iv (S+T)"=8"+T*
v (ST =T"S8"

vi T is invertible if and only if 7™ is invertible and then (T%)_; = (T~!)

Lemma 1.
Let T € B(H), then ||T*T| = ||T|]?

Definition 2.3.
T € B(H) is called a contraction if |T] <1

Proposition 2.
An operator T in H (with domain as the linear subspace Dr) is said to be bounded from below if there is a positive
constant B such that [|Tz|| > B||z|| Yz € Dr

Proposition 3. Let 7' € B(H) and be bounded from below. Then range T is closed.

Proposition 4.
T € B(H) is invertible if and only if T" is bounded from below and R(T") is dense in H.

Theorem 5. Banach inverse theorem
Let X be a Banach space and T' € B(X) which is 1 — 1 and onto. Then the set inverse T~ € B(X) . i.e T is invertible.

Proposition 5.

Let X be a Banach space and (z,) be a sequence of elements of X. If Y _. x, is absolutely convergent, then )z,

neN
converges to an element of X in the norm of X. Moreover, if > z, converges to z, we have

D llzall <l

neN

Proposition 6.
If T'e B(H) and ||[I —T|| < 1, then T is invertible

Definition 2.4.
Let T'€ B(H) and M be a closed linear subspace of H. We say that M is invariant under T if T, € M V 2 € M

Proposition 7.
Let M be invariant under T',(M is a closed linear subspace of H). Then M+ is invariant under T*, conversely M* is

invariant under 7% = M is invariant under 7. Thus M is invariant under T implies that M* is invariant under 7.
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Definition 2.5.
Let T € B(H) and M be a closed linear subspace of H. We say that M reduces T if M and M™ are both invariant

under T'.

Proposition 8.
Let T € B(H) and M be a subspace of H. Let P be the orthogonal projection on H onto M. Then

1 M is invariant under 7' if and only if PT'P =TP

2 M reduces T if and only if T <» P i.e, TP = PT

3 Operator ¢’ for a bounded 7 in a Banach space X

In this section, we study the exponential and approximate point spectrum of an operator ¢! for a bounded T in Banach

spaces X.

3.1 Operator e’

Definition 3.1. Let X be a Banach space and T € B(X). The expression eT stands for the infinite series

where I is the identity operator on X. It is clear that eT € B(X).
Indeed, we first have

1T <||T|" VneN (for ||T2” <|T| Tl = ||T|?, etec., use induction on n).

Now, the expression

[ A 4 |"
I+ |7+ ST al tog et
converges in R and its sum is elTl e R.
Thus,
o =D
n=0
is absolutely convergent in B(X).
For
oo oo oo
™ ™ 1|
dorl =2 ] s S <o
n=0 n=0 n=0

and hence Y o7 TTT converges in the norm of B(X) to an element of B(X) which we denote by e™.
Lemma 2. T € B(X) = HeTH < eIl

Lemma 3. ¢ =TI (for 0 €¢ B(X)).
Clearly, put T =0 in e” :I+T+€—!2 and we get e® = I.
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Proposition 9. Let T € B(X)

1. €T is invertible

2. eTe T =7

3. If S € B(X) and S « T then 57 Sel

=e€

Proof. We prove (3) and subsequently (1) and (2) follow at once. By definition
T2 T
=I+T+ 5+ 5+

52 s
=4S+ kgt

(S+T7)? N (S+T1)°

S+T
e T 3!
Let ) 5

T T ™
an—I+T+§+§+ +F
2 3 n
bn_I+S+S—+S—+ 42
3! n!

S+T S+T S+ 1"

cn:I+(S+T)+( AR N Gt Vs

2! 3! n!
and

T’IL
I+||T||+‘ | +7H |||
n!
S’ S|"
by, I-&-||S’H-i—H H +...+7Hn|||

; S|+ ITI)? S|+ 1T IH™

o e (18] 1z o (5] 2;” 0", USL )

for n € N.

By our earlier discussion, we note that

an — eT, b, — eS, cn — 57T in B(X)
dn— VT B el G b, s ISIHITI g R
Now
anbn = cn = (an)(bn) — (cn)

In expanding (S + T)2, (S + T)3, etc., we use S <+ T. So that we have

(S+T) =(S+T)(S+T)
=S4+ ST +TS +T>
=S%4+25T+ 17

(S+T)% =5+ 38T +35T* + T°

Hence N
anbn — Cn = ZaszZSk

i=1

where (a;k) is a n X n matrix with positive entries on the main diagonal and below, and 0’s elsewhere
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For simplicity, let n = 3 so,

a®>  a® ¥ B (a+b)? (a+0b)?
<1+a+§+—>(1+b+§+§>—(1+(a+b)+ R ):

3!
1+b b> b b ab? ab® a? a’b  a’b? a’b®
totgrtg ) rletavt ot )t ot o T T )t
a? a’b  a’v? a’v® 1 b a’ b2 2ab  a® 5 3a°b  3ab® _
ETRE TR Ts TR T T B e T H TR A TR TR TR TR TR M

3
Z C; kalbk
i=1

0 0 1
1 1
cikai bk = o7 1 o7
1 11
3! 2121 3!

Therefore, [lanbn — cnll = |37, cikaibi|| < 320 lleak|l llasll 1bell < 325y cik ITI (1S])* = @nbn — én

Asn— o0
~ z’ ~ T S T S T S 1 S

S0 [|anbn — ¢ < Gnbn — én — 0 as n — oo

But an, = e¥, by = €%, ¢ = €75, 50 |lanbn — cu|| — HeSeT — eT+5H =0asn— oo

Therefore, eTe” = eT+5 when T < S.
Let T € B(X)so —T € B(X),eT,e T € B(X)and T <+ —T
T Te—T T-T = ¢9 ie., eT is invertible and its inverse is T =T,

Therefore, eTe ™ T =eTe T =e
T e B(H).

Consider a Hilbert space H. Each T' € B(H) has a unique adjoint 7. For T' € B(H), e

Lemma 4.
(6T)*:€T*
Proof.
T 713 ™
T_ PR PR JE—
e =14+T+ o1 + 30 + ...+ oy + ...
« N *\ 2 T*S T\
AR L f R C 0 N C 1 L
2! 3! n!
Let
T2 ™
Apn=I1+T+ —+...+ —
2! n!
*\ 2 *\ 1
A;:I+T*+(T) +4..+(T)
2! n!

for all n € N. Then A,, — ¥, A% — ¥ in B(H). (An, B, € B(H)).
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If A, is a sequence of elements of B(H) which converges to A € B(H) then, (A},) converges to A* in B(H).
Indeed,

|An — A|l = 0 as n — oo

‘We must show that

A5, — A" = 0as n — oo
Clearly A, — A€ B(H) so (A, — A)" exist in B(H), i.e. A;, — A" exist in B(H).
Moreover, ||An — Al = ||(An — A)*|| = |4, — A"||. Therefore, lim, o0 ||An — Al = 0 = limn o0 || A% — Aol =0
i.e. A% — Ao in B(H). By the result proved it follows that since A, — e”. So

(An)oo = el .
But
A el
By the uniqueness of the limit, it follows that (e7)* =T~ O

Proposition 10. Let H be a complex Hilbert space and T € B(H). If (Tz,z) =0 for all x € H, then T' = 0.

Proof. First we know that if we have (T'z,y) = 0 for all z,y € H, the conclusion T' = 0 is immediate, for Tz L y for all
re€ Handye H.

Tr L H = Tx=0 Vxc H = T =0, the zero operator

Let
D(z,y) = (Tx,y) :  — sesquilinear form

T — associated quadratic form
(@) = (T, 2)

Now by the polarization identity,

B(x,y) = i [B(F +y) — B(F — y) + iD(F + iy) — i®(F — iy)]

[@(Z +y) — 2T —y) +iP(T + iy) — i®(T — iy)]

NG

(I)(mv y) =

Let Z = (z+y,x — y,z + iy, x — 1y).

(TZ,Zy=0 VZeH

= (Tz,y)=0 Vax,y€ H

— T =0.

The above result is not true in real Hilbert spaces. O

13
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Example 3.1. Let H = R? with the usual inner product

((z,9), (z,w)) = 22 + yw.
Consider T : R? — R? defined by
T(z,y) = (—y,z).
Therefore,
(T(z,9), (z,y)) = ((—y, ), (x,9)) = —yz + 2y =0 V(z,y) € H.
But T # 0.

Definition 3.2. An operator T' € B(H) is called Isometric if ||Tz|| = ||z|| for all z € H.

Lemma 5. For a T' € B(H) the following conditions are equivalent:
(i) T is isometric.
(i) T"T =1

Proof. (i) = (ii):

By (i),
|Tz|® = ||lz|* Yz e H

which implies
Tz, Tz) = (z,z) Vzx e H

or equivalently,

(T"Tz,x) = (Iz,z) V€ H
Thus, T*T = I by a previous result (where H is assumed to be a complex Hilbert space). Indeed,

(T"Tz,z) — (Iz,z) =0 Vz e H

which implies

(T"Tx — Iz,z) =0 Vz € H
and further implies

(T*T — DNz,z) =0 Vz € H
Therefore, S = 0.

Lemma 6. If H is a complex Hilbert space, S,T € B(H), and (Sz,z) = (T'z,z) for all x € H, then S =T.

Proof. For all z,
(Sz—Tz,z) =0 ie, ((S—T)z,z)=0
Therefore, S —T =0, i.e., S=T.
(ii) = (i):
Now for all z,
|Tz|? = (Tx, Tz) = (T*Tx,x) = (Iz,z) (since T*T =1I)

ie., ||Tz| = ||z||, i-e., T is isometric.
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Definition 3.3. An operator T' € B(H) is called Unitary if TT* =T*T = 1. Thus, T <> T* and T*T = I. Clearly, T
is invertible and 771 = T*.

Definition 3.4. T € B(H) is called a Normal operator if T < T™.

Lemma 7. For T € B(H), the following conditions are equivalent:
(i) T is normal.

(ii) ||Tz|| = ||T"z|| for all z € H.

Proof. (i) = (i)

Now ||Tz|? = (Tx,Tx) = (T*Tx,z) = (T'T*z,x) (for T is normal by (i)) = (I"™z, T*z) = || T*z||? for all z € H.
Therefore, ||Tx| = | T« for all € H, which is (ii).

(i) = (@)

(T*Tx,x) = (Tx, Tx) = ||Tz|)*> = |T*z||*> = (T*z, T*x) = (T*)*T*x,2) = (TT*z,x) for all x € H. Therefore, by a
previous result, T*T = TT*, i.e., T +» T" = T is normal. O

3.2 Normal operators in B(H)

A self-adjoint operator T" is normal for T'=T", so since T <> T, T «> T = T. A unitary operator U € B(H) is normal
for UU*=1=U"U = U «< U".

A special observation: Let T' € B(H) be normal, we can write,

T:%@+Tﬁ(m

+5(T=T") (B)

forall T € B(H). So T = A+iB. Now A,B € B(H) and A* = (3(T+7T"))" = 3(T*+T*) = 3(T +T*) = A.
B*= (3T -T") =34(T"-T")=3(I'-T*)=B

Thus, both A and B are self-adjoint. But T is normal, so T « T, i.e., T*T = T*T. Since T = A+ iB, so
T =(A+iB)"=A"—iB"=A—iB.
Therefore, TT* = (A+iB)(A—iB) = A> —iAB+iBA+B? and T*T = (A—iB)(A+iB) = A> +iAB —iBA+ B*. Thus,
TT* =TT = A> —iAB+ iBA+ B? = A? + iAB —iBA + B? = 2iAB — 2iBA = 0 = 2iAB = 2iBA = AB = BA,
ie., A<+ B.

Thus, every normal T' € B(H) can be uniquely expressed as A+iB, where both A and B are self-adjoint and A < B.

The uniqueness of this decomposition follows since if T'= A + iB is such a decomposition, then
T"=(A+iB)" = A" —iB*=A—iB
solving the operator equations
T=A+iB
T = A—iB
we get unique solutions
T+T
2
B= (-1
2%

A
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3.3 Fuglede’s Theorem

Theorem 6. If T' € B(H) is normal and T commutes with S € B(H), then T*S = ST", i.e., S < T".

Proof. Since T <+ S, T™ + S for all n € N. Indeed, the result is obviously valid when n = 1. Suppose (Induction
hypothesis) 77" <+ S, then

T"S = (TT" NS =T(T"'S) = T(ST" ') = (TS)T" ' = (ST)T" "' = ST"

Therefore, T" <» S for allm =0,1,2, ...
For any z € C, consider the operator ¢ € B(H). Note e'*7 = 3> @™ Gince S «» T™ for all n = 1,2,3,...,

n=0 n!

we obtain

ST =e®Ts (1)
mpm

{For if A, =" %7 then S < A, for each n € N. Now, A, — €T as n — 00. As S ¢ A, for each

m=0
neN, S limpoe Ap = 7T }=5= e~ T Gt (from (1)).
Now consider the operator
e—izT* SeizT* — e—izT* (eiETSeiZT)eizT* (from (1))

_ e—i(zT* +zT) Sei(zT+ET*)

Since T + T,
ei(ET+zT*)(€i(ET+zT*))* _ efi(zT*JrZT)ei(ZTJrzT*) _ eO -7
= FTHST") ((—iET+2T") s
= the operator ¢!*T+*T") is unitary and its norm is 1
Thus,

e(ﬂ'(zT* +zT) Sei(zT* +zT)

is U*SU where U is the unitary operator e!GT+2T") Tt follows that
—izT™ izT™ * *
lle Se”" || = [|lUSU™|| < |UINISIHU™| = [1S]]
Hence, for any z,y € H,

e e IR
(™™ 5™ wy) < e S /vl < IIS[l=[yl

Now, (e~ 7" 5e”*T" 1, y) is analytic in z and bounded in the entire complex plane, i.e., it is a bounded function.

Hence, by Liouville’s theorem, the function must be constant on C. Setting, in particular, z = 0, we get

67izT*SeizT* — ST*

ie., ST = ¢T3, Equating coefficients of like powers of z on both sides, we get
ST =T"S
S(T*)? = (T*)*S
etc. O
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Proposition 11. Let S € B(H) and T € B(H). If T < S, it does not follow that T* <+ S. However, it is true that
T < 8 for TS =ST = (TS)" = (ST)* i.e., S*T* =T7*S" i.e., S* +> T*. However, if T +» S — T* +» S*, then since
T —T, soT" <> T i.e., T is normal. Fuglede’s theorem is a converse of this, i.e., T is normal and T <> S — T < S*.

4 Approximate Point Spectrum and Similar Operators

Definition 4.1. A number X € C is said to belong to the resolvent set p(T") of an operator T if (T'— AI) is invertible. The
complement of p(T') in C is called the spectrum of T' and we represent it by o(T"). Therefore, o(T) ={A € C: (T — A\I)
is not invertible (in the operator sense)}. We had an earlier result: 7' € B(H) is invertible if and only if T is bounded
from below and R(T) is dense in H.

So (T — M) is invertible if and only if T — AI is bounded from below and R(T" — AI) is dense in H. The contrapositive
statement is: T — Al is not invertible if and only if 7' — A is not bounded from below or ®(T — M) # H. Therefore,
A € o(T) then T — A is not bounded from below or R(T — \I) # H.

Let wo(T) = {A € C : T — A is not bounded from below} and I'c(T) = {A € C : R(T — ) is not dense in H}.
wo(T) is called the approximate point spectrum of T' where I'o(T) is called the compression spectrum of T. So o(T') =
mo(T)UTo(T).

Note: The sets 7o(T") and I'o(T') may overlap.

It is clear that if we define A € C to be an approximate eigenvalue of T if there exist a sequence (z,) of elements of H
such that ||z,|| =1 for all n € N and ||(T — M)z, || — 0 as n — oo, then 7o (T) is the set of all approximate eigenvalues
of T for (T — AI) is bounded from below implying that there exist a real number € > 0 such that ||[(T"— A\I)z|| > €||z|| for
all z € H such that  # 0.

Now ||zn|| =1 for all n € N. Thus ||[(T"— M)y|| > € for all y € H satisfying ||ly|| = 1. Hence there exists a sequence (zn)
such that ||z,]| =1 and ||(T — A)z,|| — 0 as n — oo, i.e., A is not an approximate eigenvalue.

The converse can be similarly seen. If A is an eigenvalue of T, it is clear that A € Ilo(T). Let Po(T) = {\ : A is an
eigenvalue of T'}. Thus Po(T) C no(T). Po(T) is called the point spectrum of 7. A € Po(T) implies there exists x € H
such that = # 0 and (T'— M)z =0, ie., (T — Al)z| = 0. If we take z, = 7 for all n € N, we note that ||z, | =1 for
all n € Nand ||(T — M)z,| =0, i.e, z, = 0 as n — oo, i.e,, A € Po(T).

These are five disjoint sets, some of which may be void or not void, depending on 7. The usual tradition in spectral
theory is to have the following disjoint division of o(T):

® p,(r) - Point Spectrum

o T's(ry — Po(r) - Residual Spectrum of T' (denoted R,(r)).

o Il (1) — (Po(r) UL a(r)) - Continuous Spectrum of 7' (denoted Cy(r)).
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We have the following result

Consider 7o (T)

AePo(T)=T—XMisnot1-1
= N(T — AI) # {0}
=N(L)(T-X)#H
= Ropoonr #H(.'.I‘lj:ﬁA*:A:T—)\IA*:T*—XI)
CA=T -\, A" =T"—AI'
= e To(T")
= \eTo(T*)

Where the bar denotes complex conjugation i.e N = {Z € N}.

The implications are reversible, and so we get

Po(T) =To(T™*)
Likewise, replacing T by T, we get

Po(T") =To(T*) =To(T)

Thus,

and

Consider o(T™"). We know a result:

T is invertible if and only if T" is invertible. Now T is invertible = T™ is bounded from below and R« = H.
Therefore, T is invertible = T is bounded from below.

T is invertible = T is bounded from below.

Thus T™ is invertible = both T" and T™ are bounded from below.

Conversely:

T and T* are bounded from below = T is invertible. For since 7" is bounded from below so T is 1-1, i.e., My = {0}.
Therefore, M7 = H. But M# = Rp+. Therefore, Rr+ = H, thus T is bounded from below and R+ = H, ie., T* is
invertible. Hence we may assert (taking T — AI in place): T — AI is invertible < both T — Al and T'— AI are bounded
below.

Thus T* — A is not invertible < one of T* — A\I or T — A is not bounded from below.

Thus A € o(T™) © A € no(T™) or A € mo(T), i.e., o(T*) = wo(T*) Jmo(T).

Corollary 7. o(T) = no(T)Jo(T™)
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Proposition 12. 7o (T) is closed for T € B(H).

Proof. We shall show that (7o (7)) is open.

Let Ao € (wo(T))°, i.e., Ao ¢ mo(T) hence T'— Ao is bounded from below, i.e., 3§ > 0 such that ||[(T" — Xo)z|| >
Olz|]| Vx € H.

If A € C, then

(T = XoD)z|| = (T = Al)x + (A = Xo)z||
< (T = AL+ [A = Aol
= (T = ADz| = [(T = XoD)z|| — [X = Aol[|z]|
> (6= A= 2o))llz]| VoeH.

We can choose a A sufficiently close to Ag so that d — |\ — Ao| is positive, i.e., T'— Al is bounded from below for A in
a sufficiently small neighbourhood of A\¢g. Thus for all A in a small neighbourhood of Ao, T"— AI is bounded from below.

. (mo(T))¢ is open since for a A\g € (7o (T))° there is a neighbourhood of A\¢ such that for all A in this neighbourhood,
T — M is bounded from below. Thus wo(T) must be closed. O

Proposition 13. If A, € B(H) for all n € N and are invertible, and A € B(H) is not invertible with |A, — A] — 0 as
n — oo, then 0 € mo(A).

Proof. Since A, i.e., A — 01 is not invertible, 0 € o(A) = o (A).

Hence, 0 € mo(A) or 0 € I'o(A), so Ra # H, and hence there is a nonzero € H such that zLR4.
Define

T = A, HA;le for alln € N

(x#£0, A, #0= Ay 'z # 0 for A, is invertible).
Thus |z| =1 for all n € N.

Now
|Anzn — Az || < ||An — Allllzn|| = |An — A =0 asn — oo
Now
Apzn, = A (A_lx ! ) x ! € R4 (since z € RelA)
nTn = An | Ay T — | =0——F— A
[Pl [baed

But Az, € Ra so Anzn LAz,.
Hence, by the Pythagorean theorem,

2 2 2 2
[Anzn — Azal]” = [[Anzn || + [[Azn " > [|Azn |

Since ||Anxn — Azn|| — 0 as n — oo, therefore ||Azy|| — 0 as n — oo, ie., [|[(A — 0)zn| — 0 and ||z,|| = 1 for all
n € N, hence 0 € mo(A). O
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Proposition 14. Let A € B(H). Then 6c(A) C wo(A), where do(A) is the boundary of the spectrum of A.

Proof. o(A) is closed. So do(A) C o(A).
Let A € 60(A). Hence, we can choose a sequence (A,) of elements of p(A) (complement of o(A)) such that

A=A as n—oo le, |[Ap—A—0 as n— oco.

So A — A\, I are invertible for all n € N and A — A\ is not invertible (A — A\,I = A,, and A — A\I = A).
Now
[(A=X) = (A=XD)|| =2 = A =M —A] 20 as n— o

and each A — A\, I is invertible, A — AI is non-invertible. Hence, by the previous result, 0 € mo(A — AI) i.e., there exists

a sequence (yn) in H with |ly,|| = 1 and such that
[(A—=XI)—0I||yn]] =0 as n—>o0 ie, [[(A=ADyn|| =0 as n—oo ie., A€Emo(A).
Hence, d0(A) C o (A). O

Definition 4.2. Let A,B € B(H). We say that A is similar to B if there exists an invertible S € B(H) such that
B =S"'AS. Ais similar to B if and only if B is similar to A.

B=S"1AS
= SBS '=58"1tA557!
= SBS'=4

= (SH'BST'=A and S™' is also invertible

= B is similar to A
Example 4.1. If A and B are similar, then o(A) = o(B).

Proof. We will show that the resolvent sets are the same since A is similar to B, i.e., B = S~'AS for an invertible
S € B(H).

B—X=S5"1AS -\
=S A-ADS

Hence B — AT is invertible if and only if A — AT is invertible, i.e., A € p(B) = p(S™'AS) if and only if A € p(A). Thus,
p(ST1AS) = p(A). Taking complements in C, we get

o(S71AS) = o (A)

ie., o(B) =o(A). O
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Proposition 15.
If B is similar to A then Po(B) = Po(A)

Proof.

A€ Po(A) = 3 z € H such that z # 0 and A, — A\, = 0. Hence with B = S™*AS, where S € B(H)is invertible , we
have S™' (A, — \;) = 0.

ie STTA(S(S™Ha —A(ST'z) =0 (%)
Since © # 0, S™'x # 0 (since S~ 'z is invertible). Hence (*) implies A € Po(S™'AS)

Thus, Po(A) C Pa(S™'AS) = Pa(B)

Replacing A by B i.e ST'AS we get Po(S™1AS) C Po(S(S™'AS)S™!) = Po(A). i.e Po(B) C Po(A)

Thus, Po(B) = Po(A) O

Proposition 16. If B is similar to A, Then 7o (B) = wo(A)

Proof. Let A € o(A). Then there exists a sequence (z,) € H such that ||z,|| =1 Vn € N and ||(A — N)z,| — 0 as
n — oo, e, (A—X) = 0asn— oco.

Let B = S7'AS for S invertible. Then S™'(A — Az, — 0 as n — oo, i.e.,, ST Az, — AS™" = 0 as n — oo, i.e.,
STrAS(S™ e, — A(ST a,) — 0 as n — co.

Now z, # 0s0 S~ 'a, # 0i.e., ||S™'2n| # 0 and ||S™ 2, is bounded away from 0. i.e., 3o > 0 such that ||S™ z,| > 0.
Let S™'x,, = yn ¥n € N. Therefore, Syn = zy,, ||z, = [|Syn|| < |S|llyn] i-e., [[ynll > 1

S]]
| Synll
51l
ie., STzl > i |lzn]l. So [[ST'z.|| are bounded from below by L
[E]] ISl
Hence H%H =1 Vn € N. Dividing (*) throughout by ||S™ 2, || we have
_ S~z Sl
1 n n
AS (2 En )y (2 _En_
575 (gmrney) 2 (femmmy) w00 n

ie., A € mo(STTAS). Thus mo(A) C 7o (S™LAS) = 7o (B).

Replacing A by ST'AS i.e., B we have no(S7'AS) C 7o ((S™1)"1(S71AS)S™) using the first part = wo(A). i.e.,
7o (STLAS) C no(A) = wa(B) C wo(A). Thus 7o(A) = wo(B). O

Proposition 17. If B is similar to A, then I'c(A) = I'o(B)
Proof. Let B = S 'AS for an invertible S € B(H). Then VA € C,
B-AM=S"'AS-X=S5""A-\)S

If A € 0(A) then,
Re(A— ) #H
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and hence there exists an « € H such that © # 0 and 2 L Re (A — AI), z # Re (A — M) = S 'z # S (Re (A — AI))
and S™! # 0 (since z # 0 and S~ ! is invertible).

So S7'z # STY(A — XI)S(H). Therefore, Re S™'(A — AI)S is not dense in H. i.e., S~'(A — AI) has range not dense in
H. Therefore, A € To(S7'AS) = I'o(B). Thus I'o(A) C T'o(B) = Ta(S™AS).

Likewise,
Lo(ST'AS) CTo((S71)71(S71A8)S™!) = To(A)
ie.,
I'o(B) =To(S™'AS) C To(A)
ie.,
I'o(B) =To(A)
Thus,

I'o(B) =To(A)

5 Conclusion

This study has analyzed the exponential and approximate point spectrum of a bounded linear operator in Banach
spaces. We have presented new techniques for approximating spectra of linear operators on separable Hilbert space
through exposition of the operator e where T is a bounded operator in a Banach space X. We have defined the
expression e? and the condition under which the operator el is invertible. We also stated the Fuglede’s Theorem and
its proof and discussed the relationship between the boundary of the spectrum of T' and the approximate spectrum of
T. Indeed, the approximate point spectrum of a bounded operator T is closed and the boundary spectrum of a bounded

operator A is a subset of its approximate point spectrum.
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