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Abstract

In this study a non-linear deterministic malaria vaccination model with optimal control is developed
and analyzed. This improves a recent mathematical model for malaria with standard incidence
by adding sensitivity analysis and optimal controls, where the goal is to obtain optimal control
strategies through vaccination, treatment and personal protection with the aim of minimizing
the number of infections in the population as well as treatment cost. The vaccine reproductive
number Rv is computed using next generation matrix approach. Sensitivity analysis of Rv is
conducted to identify the most influential parameters to be vaccine efficacy (ϵ), vaccination rate (α),
mosquito biting rate (ϕ) and the natural death rate of the mosquitoes (µv). Maximum Principle
of Pontryagin is applied to find the optimal control conditions of treatment efforts, vaccination
efforts, and personal protection efforts on malaria transmission. The numerical simulations show
that, combining control interventions strategies such as treatment efforts, vaccination efforts, and
personal protection efforts such as (spraying of insecticides, use of mosquito treated bed nets,
clearing of bushes and draining stagnant water around the homesteads etc) are necessary for the
reduction of malaria. This study will help the policy makers in deducing control strategies such as
increasing vaccination using vaccines of higher efficacy, increasing treatment and personal protection
efforts for eradication of malaria infection.
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Keywords: Sensitivity, Optimal Control Analysis, Reproduction number

1 Introduction

Malaria is a disease that is spread by an infected female Anopheles Mosquitoes to the human through
biting. It is caused by parasites called Plasmodium that are carried by female anopheles Mosquitoes
[9]. It is endemic in areas like Sub- Saharan Africa, the Caribbean and the pacific islands. There
are five species of the Plasmodium (P ) which infect humans as they are parasites which cause the
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disease, they include, P. falciparum, P. vivax, P. ovale, P. malariae and zoonotic P. knowelesi. The
most virulent is P. falciparum then followed by P. vivax which causes recurrent via dormant liver-
stage parasites, that is responsible for hemolysis [12]. The clinical manifestations are fever, headache,
nausea, fatigue and in severe cases, anemia, jaundice, cerebral malaria, multi-organ complications and
death. Those at the greatest risk of contracting severe diseases and dying in case of infection are
children, expectant mothers, and non-immune migrants [22].

Malaria vaccination works only for a specific species. The most infectious one is, P. falciparum,
which is primarily treated using combine therapy with artemisinin (ACTs) [19], but infections of non-
falciparum are susceptible to the action of chloroquine or other medications. The prevention strategies
measures can be explained by the use of insecticides on the nets, indoor spraying, environmental
management and in the recent past-vaccination. The first malaria vaccine is RTS,S/AS01 (Mosquirix)
which has pilot projects in African countries like Kenya, Ghana and Malawi where the vaccine has
partial protection, especially in children under five years old, in existence, conferring the vaccine with
partial protection against malaria exposure [25]. Early studies suggest that combining vaccination with
vector control and treatment interventions can significantly reduce malaria morbidity and mortality
in endemic populations.

The research in [3] used awareness campaigns, insecticide, and treatment of infected people as time-
dependent control. The basic reproduction number (R0) obtained, the disease-free equilibrium (DFE)
is globally asymptotically stable when (R0 < 1). They applied Pontryagin’s Minimum Principle to
calculate the most efficient strategies within the context of available resources and included sensitivity
analysis that revealed the most extensive parameters affecting dynamics of disease. Numerical results
suggested awareness exercises, application of insecticides, and therapy represented the most economically
successful technique in minimizing (R0) .

Keno, Dano, and Makinde [14] explored the dynamics of malaria transmission in climatic variability
by formulating a deterministic model that considers three time-dependent controls; treated nets
(ITNs), antimalarial drug treatment and indoor residual spraying (IRS). Based on their analysis,
they obtained the basic reproduction number (R0) and demonstrated that disease-free equilibrium
would be locally and globally asymptotically stable when (R0 < 1). They developed an optimal
control problem using Pontryagin’s Maximum Principle and demonstrated through cost-effectiveness
simulations that the synergy of treated bed nets and treatment is the most efficient and least expensive
response to reduce the malaria burden under climatic variation conditions that change over time and
space. Through cost-effectiveness simulations, they demonstrated that the combination of treated bed
nets and treatment is the most efficient and the least expensive as the response to reducing the burden
of malaria under conditions of climatic fluctuations that are changeable over time even though they
did not include sensitivity analysis.

An optimal control model to evaluate the impact of combined approaches used in the intervention on
malaria transmission between human and mosquito populations is developed and analyzed in [6] . The
authors included time-dependent controls in their work to capture the use of insecticide-treated nets
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(ITNs), vaccination, and treatment, so that the systematic analysis of the effect of these interventions
on the dynamics of the disease can be performed. They also examined the basic reproduction number
R0 and the stability of the disease-free equilibrium under optimal control. The research revealed that
combining various controls has better results and generate meaningful changes in the level of infection
at a lower cost.

Generally, population remains vulnerable to malaria at any given time notwithstanding the number
of interventions put in place [27]. Therefore, there is need to study the malaria dynamics under
vaccination and optimal control strategy while performing sensitivity to determine the most influential
parameter in Rv so as to deduce the effective control strategies for malaria elimination. Based on a
system of ordinary differential equations, a mathematical model is developed in this study to study
the dynamics of malaria disease and deduce potential control strategies.

2 Model Formulation and Analysis

In this section, we revisit the malaria model studied in Achieng et al [1], and introduce optimal
controls. The Malaria Free Equilibrium (MFE) point and reproduction number are shown.

2.1 Model Description and Formulation

Over the years, mathematical models have been used in the context of malaria to quantify the
interactions between processes involving the host, parasite and the vector such as the rates of transmission,
waning immunity and the dynamics of the vectors to generate patterns of transmission, and to
estimate the effects of interventions such as the use of insecticide-treated nets, therapeutics and
vaccination strategies [21]. In this study an optimal control non-linear differential-equations approach
is used to develop a malaria SV IRS − SI type model that takes into consideration vaccination,
treatment and personal protection control strategies. The model assumes homogeneous mixing, ignores
spatial heterogeneity. The total human population is taken to be Nh which is subdivided into four
compartments namely, Sh the total susceptible humans, Vh vaccinated humans, Ih the number of
infected humans, and Rh the number of recovered humans. The total number of individuals are
recruited at a constant rate Λh which is taken to be susceptible human recruitment rate, the infection
is acquired at a rate β1 by the susceptible human from an infected mosquito, the vaccination rate of
susceptible human is taken to be (α) whereas the vaccine efficacy is assumed to be (ϵ) and the human
immunity waning rate is taken as (ω) as vaccine does not guarantee permanent immunity against
malaria. Induced mosquito mortality effect is given as ψ=0.03. The disease recovery rate is given as
(γ), where the vaccinated individual gets infected at a rate (β2) where the transmission coefficient of
the vaccinees β2 < β1 since the vaccinees are assumed to have acquired a vaccine induced immunity [1].

The total mosquito population is taken to be Nv which is divided into two compartments namely,
Sv the total susceptible mosquitoes, Iv the total infected mosquitoes, the natural mortality rate is
assumed to occur in the human and mosquito population at a rate of µh and µv respectively, the
disease induced human death rate is given as δ as the susceptible mosquito recruitment rate is assumed
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to be at a constant rate Λv. The mosquito biting rate is given as ϕ as the transmission rate from
infected human to susceptible mosquito is assumed as κ. Forces of infection are ϕβ1

Iv
Nv

, ϕβ2
Iv
Nv

and

ϕκ Ih
Nv

. The standard incidence rates are ϕβ1
ShIv
Nv

, ϕβ2
VhIv
Nv

and ϕκSvIh
Nh

where Ih
Nh

and Iv
Nv

are fractions
of the infected human and mosquitoes respectively as in [11].

Table 1: A descriptive summary of the model parameters, their unit values and sources.

Symbol Description Baseline Value Sources

Λh Recruitment rate of humans 0.01547 day−1 [7]
α Vaccination rate of susceptible human (0, 0.0085,1) varies [23]
ϵ Vaccine efficacy (0, 0.5,1) varies [5]
β1 Transmission rate (mosquito → human) 0.048 day−1 [18]
β2 Transmission rate (mosquito → vaccinated) 0.004 day−1 [8]
ϕ Mosquito biting rate 0.33 day−1 [18]
µh Human natural death rate 4.74×10−5 day−1 [18]
µv mosquito natural death rate 0.1 day−1 [18]
δ Disease-induced human death rate 0.001 day−1 [18]
γ Recovery rate of infected humans 0.006 day−1 [8]
ω Loss of immunity rate 0.005 day−1 [16]
Λv Seasonal mosquito recruitment rate 0.0714 day−1 [7]
κ Transmission rate (Inf. human → mosquito) 0.48 day−1 [18]

The above description from table (1) gives the following equations of non-linear ordinary differential
equations:

dSh
dt

= Λh − β1ϕ
ShIv
Nv

− (α+ µh)Sh + ωRh,

dVh
dt

= αSh − (1− ϵ)β2ϕ
VhIv
Nv

− µhVh,

dIh
dt

= β1ϕ
ShIv
Nv

+ (1− ϵ)β2ϕ
VhIv
Nv

− (µh + γ + δ)Ih,

dRh

dt
= γIh − µhRh − ωRh.

dSv
dt

= Λv − ϕκ
SvIh
Nh

− µvSv,

dIv
dt

= ϕκ
SvIh
Nh

− µvIv,

(1)
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2.2 The Invariant Region

Since the model is a vector-host model, the solutions are positive and bounded as shown in Achieng
et al [1]. The state variables Sh(t), Vh(t), Ih(t), Rh(t), Sv(t) and Iv(t) are always positive for every
time t ≥ 0, hence the population for humans and mosquitoes are bounded at Λh

µh
and Λv

µv
respectively.

2.3 Malaria Free Equilibrium (MFE) Point

The steady-state solution of the malaria population is the Malaria-Free Equilibrium (MFE) point. It
is a state in which there is no malaria disease in the population, the malaria free equilibrium of model
(1) is given by;

E0 =

(︃
Λh

α+ µh
,

αΛh

µh(α+ µh)
, 0, 0,

Λv

µv
, 0

)︃
. (2)

2.4 The Reproductive Number

The basic reproduction number denoted by R0, is defined as the average number of secondary infections
produced by a single individual introduced into a fully susceptible population during an individual
entire infectious period [4, 15]. The vaccine reproduction number denoted by Rv of model (1) is
computed using the next generation matrix approach [17]. The vaccine reproduction number, Rv, is
the threshold quantity that can predict the spread of the disease in a given population in the presence
of vaccination. The basic reproduction number is given by the spectral radius of the matrix FV −1, that
is, R0 = ρ(FV −1), where F and V are the next-generation matrices [17]. The operator FV −1, known
as the next-generation matrix, is constructed from the matrices of partial derivatives of Fi and Vi,
where: Fi represents the rate of appearance of new infections in the i-th compartment, Vi = V −

i −V +
i

represents the rate of transfer (transition rate) into and out of the disease compartment i, with respect
to the infected compartments (for example, Ih and Iv) evaluated at MFE. FV −1 is the reproduction
number as computed in Achieng et al [1]. Therefore the vaccine reproduction number is given by;

Rv =

√︄
ϕ2κ (β1µh + (1− ϵ)β2α)

µv(α+ µh) (µh + γ + δ)
. (3)

Rv = R0 ×

√︄
β1µh + (1− ϵ)β2α

β1(α+ µh)
. (4)

If the vaccination rate of susceptible humans α=0, vaccine efficacy ϵ=0, then Rv=R0, which is the

basic reproduction number given by R0 =
√︂

ϕ2κβ1

µv(µh+γ+δ) .

The vaccine reproduction number, Rv, is the measure of the severity of an epidemic in the presence of
vaccination and one of the most important parameters since it determines whether or not malaria will
invade a population. Epidemiologically, if Rv < 1, then by definition, the infection does not spread in
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the population. On the other hand, if Rv > 1, then the infection spreads in the population and may
result into an epidemic.

3 Sensitivity Analysis

Sensitivity is the degree to which an input parameter to a model affect its output. Parameters which
have a significant impact on the dynamics of infection are known as sensitive parameters [24]. Using the
normalized forward sensitivity index of Rv, the sensitivity index with respect to the model parameter
q is given by

ΓRv
q =

∂Rv

∂q
× q

Rv
. (5)

Where q is the parameter whose sensitivity index is computed [24]. Table (2) gives a summary of the
sensitivity indices of Rv evaluated at the baseline parameters values given in table (1).

From table (2) an increase of the mosquito biting rate (ϕ) by 1%, leads to an increase of the
value of the vaccine reproduction number Rv by 1% hence the parameter ϕ is having a directly
proportional relationship with Rv. An increase in the transmission rate from infected human to
susceptible mosquitoes (κ) by 1% leads to an increase of the value of the Rv by 0.5%. 1% increase on
vaccine efficacy (ϵ), decreases the Rv by 0.441%, when vaccination rate (α) is increased by 1% the Rv

decreases by 0.0563%. Sensitivity analysis of model (1) parameters indicated that Rv is most sensitive
to the mosquito biting rate (ϕ), the transmission rate from infected human to susceptible mosquitoes
(κ), the vaccine efficacy (ϵ) and the vaccination rate (α). Sensitivity analysis results suggests that
control measures are supposed to aim at decreasing the population of the vectors and the development
of the vaccines of higher efficacy that would assist in enhancing human immune system.

Table 2: Sensitivity indices of Rv with respect to model parameters

Parameter Sensitivity Index ΓRv
q

ϕ +1.0000
κ +0.5000
µv −0.5000
β2 +0.441
γ −0.4258
ϵ −0.441
δ −0.0710
β1 +0.059
α −0.0563
µh +0.0529
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4 Optimal Control Analysis

In this section, an optimal control of various strategies of controlling malaria is conducted. The
interest is to select the most appropriate scenario that when adequately put in place may assist in
the containment of the malaria spread. Introducing into model(1) time dependent vaccination effort
(u1(t)), treatment effort (u2(t)), and personal protection measures such as; (use of treated bed nets,
application of mosquito repellents, spraying of insecticides, clearing of bushes and stagnant water
around the homestead etc) (u3(t)). Therefore model (1) becomes

dSh
dt

= Λh − β1ϕ(1− u3)
ShIv
Nv

− (α+ u1 + µh)Sh + ωRh,

dVh
dt

= (α+ u1)Sh − (1− ϵ)β2ϕ(1− u3)
VhIv
Nv

− µhVh,

dIh
dt

= β1ϕ(1− u3)
ShIv
Nv

+ (1− ϵ)β2ϕ(1− u3)
VhIv
Nv

− (µh + γ + u2 + δ)Ih,

dRh

dt
= (γ + u2)Ih − (µh + ω)Rh,

dSv
dt

= Λv − ϕκ(1− u3)
SvIh
Nh

− (µv + ψu3)Sv,

dIv
dt

= ϕκ(1− u3)
SvIh
Nh

− (µv + ψu3)Iv,

(6)

The insecticides used for treating bed nets have insecticidal effects on mosquitoes thus reducing the
number that attempts to feed on people in the sleeping areas with nets [26]. However, the mosquitoes
can still feed on human outside this protective areas and so spraying of insecticides is included. Thus
mosquito group is reduced at the rate µv +ψu3 and (1 − u3) reduces human mosquito interaction.
The following objective function is created to accomplish this

J =W (u1, u2, u3) =

∫︂ T

0

[︃
A1Ih +A2Iv +

1

2

(︁
W1u

2
1 +W2u

2
2 +W3u

2
3

)︁]︃
dt, (7)

where [0,T] is the entire time horizon over the control applied, the coefficients A1, A2, W1, W2,
W3, are positive weight functions to balance the factors, the goal is to minimize the number of
infected humans and vectors A1Ih, A2Iv respectively, while minimizing the cost of controls u1(t),
u2(t), u3(t) thus seeking an optimal control umax

1 , umax
2 , umax

3 such that W (umax
1 , umax

2 , umax
3 ) =

min(u1,u2,u3)∈U W (u1, u2, u3), such that (u1, u2, u3) are measurable with 0 ≤ ui ≤ 1 for i = 1, 2, 3
[24], the term A1Ih, A2Iv are the costs of infection while W1u

2
1, W2u

2
2, W3u

2
3 are the costs of use

of vaccination effort, treatment efforts and personal protection efforts respectively, the necessary
condition that an optimal control must satisfy come from the pontryagin’s maximum principle [20],
this principle converts (6) and (7) into a problem of minimizing pointwise a hamiltonian H, with
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respect to (u1, u2, u3)

H = A1Ih +A2Iv +
1

2
(W1u

2
1 +W2u

2
2 +W3u

2
3)

+ λ1

[︂
Λh − β1ϕ(1− u3)

ShIv
Nv

− (α+ u1 + µh)Sh + ωRh

]︂
+ λ2

[︂
(α+ u1)Sh − (1− ϵ)β2ϕ(1− u3)

VhIv
Nv

− µhVh

]︂
+ λ3

[︂
β1ϕ(1− u3)

ShIv
Nv

+ (1− ϵ)β2ϕ(1− u3)
VhIv
Nv

− (µh + γ + u2 + δ)Ih

]︂
+ λ4

[︂
(γ + u2)Ih − (µh + ω)Rh

]︂
+ λ5

[︂
Λv − ϕκ(1− u3)

SvIh
Nh

− (µv + ψu3)Sv

]︂
+ λ6

[︂
ϕκ(1− u3)

SvIh
Nh

− (µv + ψu3)Iv

]︂
. (8)

where the variables λ1, λ2, λ3, λ4, λ5, λ6 are the adjoints to the state variables Sh, Vh, Ih,
Rh, Sv, Iv, respectively. [10], gives the existence of optimal control due to the convexity of the integrand
of J with respect to u1, u2, u3, the boundedness of the state solutions and the lipschitz property of the
state system with respect to the state variables. Applying Pontryagin’s maximum principle [20] and
the existence result for optimal control from [10], the following proposition is deduced
Proposition 1. Given an optimal control umax

1 , umax
2 , umax

3 and solutions S∗
h, V

∗
h , I

∗
h,

R∗
h, S

∗
v , I

∗
v of the corresponding state equation (6) that minimizes J =W (u1, u2, u3), there exist adjoint

variables λ1, λ2, λ3, λ4, λ5, λ6, satisfying,

λ′1 = λ1

[︃
β1ϕ(1− u3)

Iv
Nv

+ α+ u1 + µh

]︃
− λ2(α+ u1)− λ3β1ϕ(1− u3)

Iv
Nv

,

λ′2 = λ2

[︃
(1− ϵ)β2ϕ(1− u3)

Iv
Nv

+ µh

]︃
− λ3(1− ϵ)β2ϕ(1− u3)

Iv
Nv

,

λ′3 = −A1 + λ3(µh + γ + u2 + δ)− λ4(γ + u2) + (λ5 − λ6)ϕκ(1− u3)
Sv
Nh

,

λ′4 = λ4(µh + ω)− λ1ω,

λ′5 = λ5

[︃
ϕκ(1− u3)

Ih
Nh

+ µv + ψu3

]︃
− λ6ϕκ(1− u3)

Ih
Nh

,

λ′6 = −A2 + (λ1 − λ3)β1ϕ(1− u3)
ShSv
N2

v

+ (λ2 − λ3)(1− ϵ)β2ϕ(1− u3)
VhSv
N2

v

+ λ6(µv + ψu3)

(9)

with transversality conditions

λ1(T ) = λ2(T ) = λ3(T ) = λ4(T ) = λ5(T ) = λ6(T ) = 0. (10)
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thus, the optimal control takes the characterization form, which is given as follows:

umax
1 = max

{︃
0,min

{︃
Sh(λ1 − λ2)

W1
, 1

}︃}︃
,

umax
2 = max

{︃
0,min

{︃
Ih(λ3 − λ4)

W2
, 1

}︃}︃
,

umax
3 = max

{︄
0,min

{︄
1

W3

[︂
(λ3 − λ1)β1ϕ

ShIv
Nv

+ (λ3 − λ2)(1− ϵ)β2ϕ
VhIv
Nv

+ (λ6 − λ5)ϕκ
SvIh
Nh

+ ψ(λ5Sv + λ6Iv)
]︂
, 1

}︄}︄
.

(11)

Proof. The differential equations governing the adjoint variables are obtained by differentiating of
Hamiltonian function (8), evaluating at the optimal control gives the adjoint system as in (9). On the
interior of the control set where H can be minimized, hence;

0 =
∂H

∂u1

⃓⃓⃓⃓
umax
1

= −W1u1 + λ1Sh − λ2Sh

⇒ umax
1 =

Sh(λ1 − λ2)

W1

0 =
∂H

∂u2

⃓⃓⃓⃓
umax
2

= −W2u2 + λ3Ih − λ4Ih

⇒ umax
2 =

(λ3 − λ4)Ih
W2

0 =
∂H

∂u3

⃓⃓⃓⃓
umax
3

= −W3u3 − λ1β1ϕ
ShIv
Nv

− λ2(1− ϵ)β2ϕ
VhIv
Nv

+ λ3β1ϕ
ShIv
Nv

+ λ3(1− ϵ)β2ϕ
VhIv
Nv

− λ5ϕκ
SvIh
Nh

+ ψλ5Sv + λ6ϕκ
SvIh
Nh

+ ψλ6Iv

⇒ umax
3 =

1

W3

[︄
(λ3 − λ1)β1ϕ

ShIv
Nv

+ (λ3 − λ2)(1− ϵ)β2ϕ
VhIv
Nv

+ (λ6 − λ5)ϕκ
SvIh
Nh

+ψ(λ5Sv + λ6Iv)

]︄
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Hence using the bounds yields equation system(11) as shown earlier and below

umax
1 = max

{︃
0,min

{︃
Sh(λ1 − λ2)

W1
, 1

}︃}︃
,

umax
2 = max

{︃
0,min

{︃
Ih(λ3 − λ4)

W2
, 1

}︃}︃
,

umax
3 = max

{︄
0,min

{︄
1

W3

[︂
(λ3 − λ1)β1ϕ

ShIv
Nv

+ (λ3 − λ2)(1− ϵ)β2ϕ
VhIv
Nv

+ (λ6 − λ5)ϕκ
SvIh
Nh

+ ψ(λ5Sv + λ6Iv)
]︂
, 1

}︄}︄
.

Now using the control argument 0 ≤ ui ≤ 1 for i = 1, 2, 3

umax
1 =

⎧⎪⎨⎪⎩
0, if u∗1 ≤ 0,

u∗1, if 0 < u∗1 < 1,

1, if u∗1 ≥ 1

umax
2 =

⎧⎪⎨⎪⎩
0, if u∗2 ≤ 0,

u∗2, if 0 < u∗2 < 1,

1, if u∗2 ≥ 1

umax
3 =

⎧⎪⎨⎪⎩
0, if u∗3 ≤ 0,

u∗3, if 0 < u∗3 < 1,

1, if u∗3 ≥ 1

(12)

Which leads to the following hence bounding them yields the characteristics equations system(11)

u∗1 =
Sh(λ1 − λ2)

W1

u∗2 =
(λ3 − λ4)Ih

W2

u∗3 =
1

W3

[︂
(λ3 − λ1)β1ϕ

ShIv
Nv

+ (λ3 − λ2)(1− ϵ)β2ϕ
VhIv
Nv

+ (λ6 − λ5)ϕκ
SvIh
Nh

+

ψλ5Sv + ψλ6Iv

]︂

Due to the priori boundedness of the state and adjoint functions and the resulting lipschitz structure of
(6), the uniqueness of the optimal control for small time (T ) can be obtained, following the technique

Licensed Under Creative Commons Attribution (CC BY-NC)

174



Vol. 3(Iss. 1) 2026, pp.165-184, African Scientific Annual Review www.asarev.net ISSN: 3007-0902

from [2]. The uniqueness of the optimal control follows from the uniqueness of the optimality system,
which consists of (6) and (9), (10), with characterization(11). There is a restriction on the length
of the time interval in order to guarantee the uniqueness of the optimality system as in [13]. This
smallness restriction is due to the opposite time orientations of the optimality system. The state
problem has initial values and the adjoint problem has final value.

5 Numerical Simulations and Discussion

Simulation analysis of the model (1) are presented to graphically illustrate the behaviour of the
solutions of the model with varying parameter values. This helps in deducing control strategies
against malaria disease. The variation of these optimal control strategies u1, u2 and u3 to determine
the numerical simulation of the controls, which are vaccination, treatment and personal protection
respectively. Malaria disease control strategies are being used including the use of insecticide treated
mosquito nets (ITNs), clearing of bushes around homesteads, insecticide spraying, vaccination and
treatment [8, 21]. For the purpose of the simulation, the initial population are taken to be Sh(0)=1000,
Vh(0)=700, Ih(0)=500, Rh(0)=300, Sv(0)=1500, Iv(0)=1000, with a high mosquito population compared
to human population, this is to allow the spread of infection [7].

Scenario 1 varying u1 ̸= 0, u2 = 0, u3 = 0

The effect of varying vaccination effort on susceptible and vaccinated humans when there is no
treatment and personal protection efforts.

(a) Vaccination effect on Sh (b) Vaccination effect on Vh

Figure 1: The effect of variation in vaccination (u1) effort when u2 = u3 = 0 on susceptible human
(Sh) and vaccinated human (Vh).
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Figure (1) shows the effect of vaccination on susceptible human (Sh) and vaccinated human (Vh),
when the vaccination rate is high, there is a sharp decrease on the susceptible human population as
shown in figure (1a) as they move to vaccinated class as shown in figure (1b) hence a sharp increase on
the vaccinated population as seen, this later affects the infectious mosquito population (Iv) as there
is reduced number of (Ih). This trend suggests that there would be reduced number of infectious
mosquitos, reducing the spread of malaria in the population.

Scenario 2 varying u2 ̸= 0, u1 = 0, u3 = 0

The effect of varying treatment effort on infected and recovered humans when there is no vaccination
effort and personal protection.

(a) Treatment effect on Ih (b) Treatment effect on Rh

Figure 2: Simulation of the effect of varying treatment effort (u2) when (u1 = u3 = 0) on infected
human (Ih) and recovered human (Rh).

Figure (2) shows the effect of varying treatment effort (u2) on infected human (Ih) and recovered
human (Rh) when (u1 = u2 = 0), when treatment rate (u2) is around 90%, there is a sharp decrease
on the infected population (Ih) as shown in figure (2a) and a sharp increase on the recovered human
(Rh) as shown in figure (2b) since the infected individuals move to recovered humans after treatment.
This affect the susceptible mosquitoes (Sv) since the point of infection is curtailed reading to reduction
in malaria transmission. This trend occurs when more infected individuals are treated, lowering the
likelihood of malaria transmission.

Scenario 3 varying u3 ̸= 0, u1 = 0, u2 = 0

The effect of varying personal protection effort on infected humans, susceptible and infected vectors.
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(a) Personal protection effect on Ih (b) Personal protection effect on Sv

(c) Personal protection effect on Iv

Figure 3: The effect of varying personal protection effort (u3) when (u1 = u2 = 0) on infectious human
(Ih), susceptible mosquitoes (Sv) and infectious mosquito (Iv).

Figure (3) shows the effect of personal protection (u3) effort, on infected human (Ih), susceptible
mosquitoes (Sv), infected mosquitoes (Iv), when u1 = u2 = 0. When the personal protection (u3)
effort is high, then the infected individuals as shown in figure (3a) decreases at a higher rate compared
to when the personal protection rate is low, when there is higher (u3), then (Sv) as shown in figure
(3b) and (Iv) as shown in figure (3c) decreases at a sharp rate. This is attributed by the use of
insecticides, clearing of bushes and draining of stagnant water around homesteads and use of bed
nets, which significantly induces mosquito mortality rate. Consequently, reducing the human-mosquito
interactions leading to a lower risk of infection.
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Scenario 4 varying u1 ̸= 0, u2 ̸= 0, u3 = 0

The effect of varying vaccination and treatment efforts on infected humans and infected vectors.

(a) Vaccination and treatment effect on Ih (b) Vaccination and treatment effect on Iv

Figure 4: The effect of varying vaccination (u1) and treatment (u2) efforts when personal protection
(u3 = 0) on infectious human (Ih) and infected mosquitoes (Iv).

Figure (4) shows the effects of varying vaccination (u1) and treatment (u2) efforts, on the infected
human (Ih) and infected mosquitoes (Iv) when (u3 = 0), when vaccination (u1) and treatment (u2)
efforts are increased to around 90%, then there is a sharp decrease on the infected human (Ih) as
shown in figure (4a), on the other hand there is a gradual decrease on the infected vectors (Iv) as
shown in figure (4b) as the interaction between susceptible vector and infected human decreases. This
trend occurs because a large portion of human population become protected through vaccination and
treatment, hence the likelihood of transmission decreases leading to a reduction in malaria transmission
cases.

Scenario 5 varying u1 ̸= 0, u3 ̸= 0, u2 = 0

The effect of varying vaccination efforts and personal protection efforts on infected human and infected
vectors.
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(a) Vaccination and personal protection effect on Ih (b) Vaccination and personal protection effect on Iv

Figure 5: The effect of varying vaccination (u1) and personal protection (u3) efforts when treatment
(u2 = 0) on infectious human (Ih) and infected mosquitoes (Iv).

Figure (5) shows the effects of varying control strategies vaccination (u1) and personal protection (u3)
efforts, on the infected human (Ih) and infected mosquitoes (Iv) when (u2 = 0). When vaccination
(u1) and personal protection (u3) efforts are increased to around 90%, then there is a sharp decrease
on the infected human (Ih) as shown in figure (5a), on the other hand there is a gradual decrease
on the infected vectors (Iv) as shown in figure (5b) as the interaction between susceptible vector and
infected human decreases. Vaccination helps to boost immunity, reducing the probability of getting
infected, while protection measures limits the interaction of human with infected vector, leading to
reduction in malaria transmission.

Scenario 6 varying u2 ̸= 0, u3 ̸= 0, u1 = 0

The effect of varying treatment and personal protection efforts on infected human and vectors.
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(a) Treatment and personal protection effect on Ih (b) Treatment and personal protection effect on Iv

Figure 6: Simulation of effect of varying treatment (u2) and personal protection (u3) efforts when
vaccination effort (u1 = 0) on infectious human (Ih) and infected mosquitoes (Iv).

Figure (6) shows the effects of treatment (u2) and personal protection (u3) efforts, on the infected
human (Ih) and infected mosquitoes (Iv) when (u1 = 0), when treatment (u2) and personal protection
(u3) efforts are increased to around 90%, then there is a sharp decrease on the infected human (Ih)
as shown in figure (6a), on the other hand there is a gradual decrease on the infected vectors (Iv)
as shown in figure (6b) as the interaction between susceptible vector and infected human decreases.
Increased efforts on treatment reduces the number of infected individuals and the impact of personal
protection reduces the vector population. As a result, the likelihood of malaria transmission decreases
in human population.

Scenario 7 varying u1 ̸= 0, u2 ̸= 0, u3 ̸= 0

The effect of varying vaccination, treatment and personal protection efforts on infected human and
infected vectors.
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(a) Combined efforts of Vaccination (u1), treatment
(u2) and personal protection (u3) effect on Ih

(b) Combined effort Vaccination (u1), treatment (u2)
and personal protection (u3) effect on (Iv)

Figure 7: Simulation of effect of varying vaccination (u1), treatment (u2) and personal protection (u3)
efforts on infectious human (Ih) and infected mosquitoes (Iv).

Figure (7) shows the effects of varying vaccination (u1), treatment (u2) and personal protection (u3)
efforts, on the infected human (Ih) and infected mosquitoes (Iv), when vaccination (u1), treatment
(u2) and personal protection (u3) efforts are increased to around 90%, then there is a sharp decrease
on the infected human (Ih) as shown in figure (7a), on the other hand there is a gradual decrease
on the infected vectors (Iv) as shown in figure (7b) as the interaction between susceptible vector and
infected human decreases. This suggests that combined use of these efforts, would ultimately lead to
a reduction in malaria spread.

6 Conclusion

An optimal control malaria model with vaccination is presented and analysed. The vaccine reproduction
number Rv is computed based on the next generation matrix approach. Sensitivity analysis is
carried out on the parameters of Rv to ascertain parameters that are most influential for the disease
to invade population. The results suggests that the mosquito biting rate ϕ, vaccine efficacy (ϵ),
vaccination rate (α), and the natural death rate of the mosquitoes (µv) are the most influential
parameter of Rv, therefore a need for the control measures to target reducing the biting rate of the
mosquitoes. The optimal control efforts of treatment, vaccination and personal protection against
malaria is computed using Pontriagin’s Maximum Principle. From numerical simulations as shown in
Figures 1-7, control strategies such as use of insecticide-treated mosquito nets, clearing of bushes near
homesteads, spraying of insecticides, vaccination and treatment are deduced. The findings underscores
the necessity of emphasizing on personal protection measures alongside treatment and vaccination
efforts, to accomplish a thorough malaria control. A number of proposed control strategies were
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identified by studies such as [8, 21]. Future studies may incorporate spatial factors and perform
cost-effectiveness analysis of the control strategies.
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