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Abstract

Cholera remains a major public health challenge, particularly in regions with inadequate access to
safe water and sanitation. Rainfall variation has been associated with recurrent cholera outbreaks,
with both heavy rainfall and drought increasing disease transmission through distinct environmental
mechanisms. This study developed and analyzed a nonlinear rainfall-dependent SIR-B mathematical
model to assess the effect of rainfall variation on cholera transmission dynamics. A rainfall
parameter was incorporated to capture the increased transmission associated with flooding and
drought. The model was shown to be well-posed through positivity and boundedness analyses, while
the disease-free and endemic equilibrium points and their local stability were established. Under the
rainfall conditions considered, the basic reproduction number satisfied Ry > 1, implying an unstable
disease-free equilibrium and a locally asymptotically stable endemic equilibrium. Numerical simulations
performed demonstrated that heavy rainfall produced the highest infection levels and environmental
pathogen concentration, moderate rainfall resulted in the lowest transmission potential, while
drought exhibited an intermediate disease burden. The findings further revealed that environmental
transmission contributed more substantially to the overall transmission potential than direct human-
to-human transmission, confirming that rainfall variation primarily influences cholera dynamics
through the environmental pathway. Generally, the proposed rainfall-dependent SIR-B model
provides valuable insights into the role of rainfall variation in cholera transmission and may support
the design of effective water, sanitation, hygiene, and environmental management strategies, particularly
during periods of heavy rainfall and drought.

MSC2010 Subject Classification: 92D30; 34A26; 37TN25
Keywords: Cholera; mathematical modelling; rainfall variation; transmission dynamics; SIR-B
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1 Introduction

Cholera is an acute diarrhoeal infection caused by bacterium Vibrio cholerae of serogroup 01 and
0139. The disease is transmitted through ingestion of contaminated food and water [21]. The
transmission and persistence of cholera are influenced by several environmental and socioeconomic
factors, including access to safe drinking water, sanitation, hygiene practices, population density and
climatic conditions [16]. Among these factors, rainfall has received considerable attention because it
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directly affects the quality, availability and contamination of water sources, thereby influencing the
survival and transmission of Vibrio cholerae 7, 19, 24]. Although WHO mentions poverty and conflict
as the main drivers of disease transmission [1], cholera outbreak frequency is closely linked to climatic
changes. These relationships have implications for cholera outbreaks [4, 24]. Variation in the climate
is likely to lead to changes in the frequency of rainfall events [15].

Variations in rainfall, including excessive rainfall and prolonged drought, alter environmental conditions
that favour the survival and transmission of Vibrio cholerae. Excessive rainfall often leads to flooding
and contamination of drinking water sources, whereas prolonged drought reduces access to safe
water and increases reliance on contaminated water sources, thereby increasing the risk of cholera
transmission [7, 12, 22]. Several links between both extremely high rainfall and low rainfall and
cholera incidences have been described in Africa, where half of the world’s reported cholera cases are
in Sub-Saharan Africa with the highest fatality rates [12, 18].

Koelle[10] developed an S-I-R model on the impact of the climate on the disease dynamics of cholera.
The two main objectives for the study were; reconstruction of the immunity patterns and population
sizes; identification of the respective roles of extrinsic and intrinsic factors in the disease dynamics. The
model specifically examined how climate variability influences the transmutability of cholera impacting
outbreak size and incidences. The disease dynamics was modeled with different equations.

Although this model shows climatic variations as one of the agents of cholera disease outbreak, however,
it has the following challenges; the absence of an environmental pathogen compartment and the fact
that rainfall is not an explicit variable make it difficult to formulate a direct rainfall-effect model or
conduct a mechanistic examination of how rainfall variation affects system stability. In addition, the
existing model does not give the quantitative data of the effect of rainfall variation on the dynamics
of cholera.

Codeco[5] developed an S-I-B mathematical model of cholera epidemiology incorporating environmental
reservoir of vibro cholerae. The aim of their study was to explore the role of the aquatic reservoir on
the persistence of endemic and secondly to find the minimum conditions for the development of the
endemic and epidemic cholera. The mathematical equations for Codeco’s model are as follows;

5 =n(H —5) —a\(B)S
dt
dl
dB

While Codeco provided a pioneering framework by establishing the aquatic reservoir as an active driver
of cholera dynamics, the model has several limitations; It excludes human-to-human transmission,
considering only environmental transmission, which underestimates transmission in settings where
direct contact is important. Although Codeco acknowledges seasonal variation, the model does not
identify the underlying climatic drivers, limiting its utility for understanding how rainfall affects
transmission. The absence of a recovered compartment prevents the model from tracking immunity
dynamics and re-infection. The model lacks a formal sensitivity analysis to identify key intervention
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targets. The model does not incorporate the effects of climate variability, particularly rainfall, on
pathogen dynamics. These limitations underscore the need for a more comprehensive framework that
captures the full complexity of cholera transmission under varying climatic conditions.

Zhou and Cui[27] developed a mathematical model to investigate how seasonal environmental variations
influence cholera transmission dynamics. The authors extended classical SIR cholera models by
incorporating periodic transmission rates that capture the seasonal nature of cholera outbreaks observed
in many endemic regions. While the model provides valuable insights into seasonally driven cholera
dynamics, it presents the following limitations; the transmission rates are assumed to follow a fixed
sinusoidal pattern, which does not account for the irregular and extreme rainfall events such as flooding
and prolonged drought that increasingly characterize climate variability. In addition the environmental
transmission rate depends solely on periodic time functions rather than on explicit hydrological or
climatic drivers, limiting the model’s ability to capture the nonlinear effects of rainfall extremes on
water contamination and availability. The model also does not distinguish between the contrasting
mechanisms through which excessive rainfall and drought influence transmission, treating both simply
as seasonal variations in transmission intensity.

Asadgol and Mohammadi[2] developed a model on the effect of the climate change on cholera diseases
dynamics using Artificial Neural Networks (ANNSs) to estimate the future trend of cholera incidence
from the year 2021 to 2050 in Qom city. The results of the model showed that there is a strong
correlation between both precipitation or high temperature and subsequent increases in cholera incidences,
providing robust empirical evidence that both low precipitation and high temperature in warmer
months could enhance the swifter bacterial replication. It also showed that the future climate in Qom
City could be warmer and wetter by the year 2050, which could increase cholera cases under a worse
scenario with the highest number of cases being recorded in warmer months. Although this model
could establish the link between climate drivers and cholera dynamics directly,however, the model
gives only correlative data on how rainfall variation affects the dynamics of cholera. There was lack of
nonlinear epidemiological model capable of quantifying how variations in rainfall intensity and timing
directly influence cholera dynamics.

Mukandavire and Liao [13] formulated a compartmental model to estimate the reproductive numbers
for the 2008-2009 cholera outbreaks in Zimbabwe. The model incorporated both human-to-human
and environment-to-human transmission pathways, providing critical estimates for the environmental
transmission rate 5. Their study demonstrated that the environmental reservoir plays a significant
role in sustaining cholera epidemics, with implications for understanding how rainfall variation affects
pathogen persistence. Nevertheless, the study did not account for seasonal or climatic forcing of
transmission parameters. The environmental transmission rate was treated as constant throughout
the outbreak period, failing to capture the temporal variability induced by rainfall events, which is a
central focus of the current research.

The synthesis reveals a consistent limitation. While models like [5, 27] provide the necessary environmental
structure and [2, 10] establish the climate link, none integrate a direct functional relationship where
a rainfall parameter dynamically modulates the cholera transmission through the environmental
transmission pathway. This research directly addresses these gaps by: Formulating an S-I-R-B
model where the net growth rate of Vibrio cholerae is a function of a rainfall parameter. Performing
stability using the basic reproduction number Rg by proving the existence of disease free and endemic
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equilibrium, and illustrating graphically through simulation how varying rainfall parameters push
the system across epidemic thresholds, providing a quantitative tool for climate-informed outbreak
forecasting and intervention planning.

2 Model Formulation and Analysis

2.1 Model Formulation

In this model, the total human population at time ¢, denoted N (¢), is divided into three epidemiological
compartments: susceptible individuals S(t), infected individuals I(t), and recovered individuals R(t).
The model also tracks the concentration of Vibrio cholerae in the environment, B(t). The susceptible
population is replenished through births and immigration. All human compartments experience
natural death at rate u, with infected individuals additionally facing disease-induced death at rate ~.

Cholera transmission occurs via two pathways: direct human-to-human transmission at rate «, and
environment-to-human transmission at rate 5(6), with the force of infection given by:

po)B

=al
P =a +K,+B7

where HLB is the probability of the susceptible individual to acquire infection from environmental
exposure, and k is the half-saturation constant. A central feature of the model is the rainfall variation
parameter 6 € [0, 1], which is incorporated into the environmental transmission component to explicitly
account for the influence of rainfall on cholera transmission.

Rainfall modifies the efficiency with which environmental bacteria infect susceptible individuals through
the rainfall-dependent transmission coefficient

BO) = Bi(1— 02+ a6?,  0<6<1, (2)

where ; and P2 denote the environmental transmission rates during heavy rainfall and drought,
respectively, with 51 > f2. During heavy rainfall (6§ — 0), flooding promotes widespread contamination
of drinking water by dispersing Vibrio cholerae from sewage and other environmental reservoirs.
Conversely, during drought (6 — 1), reduced availability of safe water forces communities to rely on
contaminated water sources, thereby increasing exposure to the pathogen.

Infected individuals recover naturally at rate & and move to the recovered compartment. Recovered
individuals may lose immunity at rate J, after which they re-enter the susceptible compartment.
Pathogen dynamics include intrinsic growth at rate p, shedding from infected individuals at rate w,
and natural decay at rate e. The concentration of Vibrio cholerae in the environment evolves according

to: IB
o pB 4+ wl —€B,

where p captures the net effect of non-rainfall environmental factors such as temperature, nutrient
availability, and salinity that influence bacterial proliferation. Rainfall is modeled explicitly through
B(0) to isolate its effect on transmission.

Figure 1 illustrates a diagram for the dynamics of the transmission:
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Figure 1: Flow diagram of rainfall-dependent cholera transmission model

The system of differential equations describing the model is:

dS

T =¢—YS—uS+oR

dl

g = YS = (I ¢l

dR

dB 3
7 =pB+wl—€B )

W here; = [a[ + i(f_)g] ,
B(0) = B1(1 - 0)* + 520 B1 > P
T=p+vy+E&

2.2 Positivity and Boundedness

Since the model describes human and pathogen population, it should be well-posed. The positivity
and boundedness of the solution of model (3) is determined using the following initial conditions:

S(to) = S(0),
I(to) = 1(0),
Rito) = R(0), @
B(ty) = B(0).

where tg = 0.
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2.2.1 Positivity of the Solutions of the Model

Since the model describes the dynamics of a human population and pathogen concentration, all state
variables must remain non-negative for all time ¢ > 0, ensuring that the model’s solution remains
biologically meaningful.

Proposition 1. Suppose that the initial conditions satisfy

(5(0),1(0), R(0), B(0)) € RY.

Then the solutions S(t), I(t), R(t), and B(t) of the cholera transmission model remain non-negative
for allt > 0.

Proof. We show that each state variable remains non-negative for all ¢ > 0 whenever the initial
conditions are non-negative.
Susceptible class:

From the model,

ds
Since B(0)B
1/} =al + %+ B > 0
Therefore B(0)B(T)
-
_ > 0.
(1) =al(r) + it B(r) = 0
Thus,

as

oz WO+ ws.

Dividing both sides by S(¢) > 0 and integrating from 0 to ¢ gives:

t 1 ds t
| st @@+

where s is a dummy variable of integration. Evaluating the left-hand side and the right-hand side
partially yield:

InS(t) —InS(0) > — /Ot(w(s) + p)ds.

Taking exponents on both sides, we obtain:

() 2 s exp (- [ W) + s ).

Since 9(s) > 0 and p > 0, the exponential function is strictly positive. Since exponential
function is strictly positive, it follows that,

S(t) >0 forallt>0.

Similarly, when the same procedure is applied to the Infected, Recovered and Pathogen compartments,
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we obtain the following positive solutions respectively:

I(t) > I(0)e 1" >0, since ¥S>0 Vt>0

R(t) > R(0)e~ Wt >0, vt >0

dB

o 2B = B(t) > B(0)e " >0, Vt>0
Hence, all the solution of model (3) given initial conditions (4) at any time ¢ are positive. Therefore,
both the human population and pathogen concentration remains non-negative. O

2.2.2 Boundedness of the Solutions of the Model

Since the model formulated describes human beings, the human population will always remain bounded.

Proposition 2. The solutions of the cholera transmission model with non-negative initial conditions
are uniformly bounded for all t > 0 in the feasible region

B 4, ¢ WP
Q_{(S,I,R,B)ER+. N<o B< u(e—p)}'

Let N(t) = S(t) + I(t) + R(t). From the system of equation (3.1), we have:

O G- WS+T+R) )

Thus: IN
E:qb—uN(t)—vI (6)
Since I(t) > 0, we have —yI < 0. Therefore,

dN

Efﬁf)_ﬂN(t) (7)

From (8), multiplying by the integrating factor, e yield;

d(Nett)

_ ekt
dt ge

Integrating both side yield;

Dividing all sides by IF = e/ and by comparison theorem yield;

N(t) < ¢ + Ce
7!

But C' = N(0) — 2
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Taking limits as ¢ — oo:

lim N () < 2
t—o00 )2
¢
N < vz

To show that the pathogen concentration B(t) is bounded, consider the pathogen equation from system
(4): Rearranging yield:

B
(il—t:(p—e)B—FwI. (8)
From the boundedness of the total human population, we have:
N(t) = S(t) + I(t) + R(t) < fj.
Since I(t) < N(t), it follows that:
I(t) < ?
1
Hence,
wl(t) < w?.
I
Let
M = w?.
1
Then: B
& <(p-9B+M (9)
dt
Since, € > p, we define c=¢—p > 0.
Then equation (8) becomes:
dB
— < —cB+ M. 10
a =T (10)
Consider the comparison equation:
dy
L—eyt M, y(0)=B() (1)
Solving using the integrating factor et:
d
a(yect) — Mect
Integrating both sides:
ye et +C
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Using the initial condition y(0) = B(0) gives C' = B(0) — 2. Therefore:

y(t) = % - (B(o) - M) et

By the comparison theorem (since dB/dt < —cB + M and dy/dt = —cy + M with the same initial
condition), we have:

Taking the limit as t — oo:
M
limsup B(t) < —.

t—00 c

Substituting back for M and ¢, we obtain the uniform bound:

we

B < (e —p)

for all t > 0,

provided that € > p and B(0) is finite.

Thus, the pathogen concentration remains bounded for all ¢ > 0 under the condition € > p.

Since the solutions of the model are positive and bounded even in the presence of disease-induced
deaths, then the model is well-posed.

2.3 The Basic Reproduction Number R,

Definition 2.1. The basic reproduction number Rg is the average number of secondary infections
produced by a single infectious individual introduced into a completely susceptible population.

It serves as a threshold parameter that determines whether cholera can invade and persist within the
population. It is computed using the next generation matrix approach as described in [6].

Proof. We consider the infected compartments I (infected humans) and B (pathogen concentration).
Let F represent the rate of appearance of new infections, and V represent the transfer of

individuals between compartments.

The system for infected components is:

i BO)BS

— =alS+ —+"— -TI
a M T B ’
dB

At the Disease-Free Equilibrium (DFE):
EY =(55,0,0,0), where Sy = ?
s

Linearizing the new infection terms of system (3.1) at the DFE yield;

B(8)So
F_ ( aSol + 535 B ) (12)

0
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V= pp o) -

The Jacobian matrices evaluated at the DFE are:

The transition terms yield;

o (o, B(6)So <T 0 >’

0 e

where T'= p+ v+ €.
The inverse of matrix V is:

X 0
(e 3)
(e=p)T e=p

ay | BO)Sow  B(0)So
Fv-l—=|[ T Tklepn@ rlcp)

Thus,

0 0
The reproduction number is the spectral radius of the matrix FV 1,

- OéSo ﬁ(Q)SOW
B = ¥ e—

Substituting Sg = % gives:

_ag  B0)ow

Ry = + .
pI peT(e — p)

(14)

2.4 Existence Disease Free Equilibrium Points (DFE)

Definition 2.2. FEzistence Disease Free Equilibrium Points (DFE) is the equilibrium state of an
epidemiological model in which there no infection present in the human population.
Proposition 3. The cholera model (3) admits a biologically feasible disease-free equilibrium given by

EO:(¢, 0, 0, 0),
u

which represents the absence of cholera infection in both the human population and the environmental
bacterial reservoir.
The disease-free equilibrium is obtained by setting the time derivatives of the state variables equal to
Z€ro;

dS dI dR dB _

dt  dt  dt  dt
and assuming; I =0, R=0, B=0.
Proof. Substituting these conditions into the system of equations (3) gives

as

il ) (15)
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Setting (15) to zero and making S the subject of the formula yield:

g="1
I

Hence, DFE: E°(S°, 1°, R?, B®) = E°(£,0,0,0).
Therefore, the model possesses a biologically feasible disease-free equilibrium, representing the absence
of cholera infection in both the human population and the environment.

2.5 Existence Endemic Equilibrium Points (EE)

Definition 2.3. Is the steady state of the model at which the infection persists in the population at
a constant level over time. In this model, this means that the infected individuals and the bacteria
Vibrio cholerae remain present in the human and environmental populations, respectively, while the
all compartments remains constant over time.

Theorem 2.1. The cholera model (3) admits a endemic equilibrium given by
E* — (S*,I*,R*,B*)
whenever Ry > 1.

The endemic equilibrium of the model is obtained by setting the equations to zero such that

dsS
=008 — ST+ R = 0
dl
— =S*—-(T)I* = 0
dR
— = €I — O)R* = 0
7 =& = (utd)
dB
—=((p—-—eB"+wl* = 0 (16)
dt
Evaluating ‘fi—f = % = 0 we obtain the endemic equilibrium of pathogen population and recovered
individuals as
. &r* . wI”
TR Ce—p
Recall that
., BO)B"
=al
b=l +

Substituting 1 into % = 0 then dividing by I all through gives

T [k(e — p) + wl¥]

5= alk(e —p) +wl*| + (0w

Substituting R* into % = 0 gives
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« « §rr
=TI S*—§ .
4 T </~L+5>

Rearrange the formula we obtain

I = M
¢
{ IR }
Thus, the endemic equilibrium is
T [k(e — p) + wl¥] ¢—pS* I wI*

E*<S*,I*7R*7B*) —

alk(e—p) +wl*] + B(O)w’ [T_%}’u—kye—p

Therefore, the model possesses a biologically feasible endemic equilibrium whenever Ry > 1. O

3 Stability Analysis of the Equilibrium Points

In this section, stability analysis is used to determine the behavior of the disease-free equilibrium and
the endemic equilibrium of the cholera transmission model.

3.1 Local Stability of the Disease Free Equilibrium Point (DFE)

The disease-free equilibrium is said to be locally asymptotically stable if solutions of the cholera
transmission model that start sufficiently close to the DFE remain close to it and converge to the
DFE ast — oo.

For the cholera model, the DFE is locally asymptotically stable when all eigenvalues of the Jacobian
matrix evaluated at the DFE have negative real parts, meaning that a small introduction of cholera
into a disease-free population will eventually die out.

Proposition 4. The disease-free equilibrium

Ey = <¢,0,0,0>
"

is locally asymptotically stable if Rg < 1 and unstable if Rg > 1.

Proof. The Jacobian matrix of the system (3.1) is given by:

B(O)kS
J= v aS-T 0 (x+B)? (17)
0 3 —(p+9) 0
0 w 0 p—€
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Evaluating the jacobian matrix at the disease-free equilibrium Fy = (%, 0,0,0) gives

—u —a? 5 =)
n P
JE)=| 0 ep-T o ZRE (18)
0 13 —(pu+9) 0
0 w 0 p—€

The characteristic equation of the infected and uninfected subsystems are obtained from

R R ) o _
mown=|(5 )|

e ¢ B(0)
|J2g — M| = a;_T_A K =0.
w p—€—A

The eigenvalues of J(Ey) consist of the eigenvalues of J1; and Ja. Therefore characteristic equation
associated with determinant of Jiq is

N (2p+ O+ p(p +0) = 0. (19)
Solving the equation (19) yields the eigenvalues of the uninfected subsystem matrix as
AL = —p, Ay = —(p+9),

which are both negative.
The characteristic equation associated with determinant of Jyo is

/\2—(?—T—(e—p)))\—l—<T—O;Zb)(e—p)—ﬁ(z);mj:0. (20)

By the Routh-Hurwitz criterion[20], the eigenvalues of the infected subsystem matrix Joo have negative
real parts if
tr(Jgg) <0 and det(Jgg) > 0.

Let M and N denote the trace and the determinant of the infected subsystem respectively, where,

M:O;?—T—(e—p)
e 0 5(6)9
e

Then, the characteristic equation can be expressed as

A2 — MM+ N =0.
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Recall that the basic reproduction number is given by

g B(0)gpw
Ry = T e ) (21)

Multiplying both sides by T'(e — p) gives

Tle = oo = 2 (e — )+ EO2. (22)
Hence,
T(e—p)(1 = Ro) =T(e—p) —T(e—p)Ro
—T(e- ) - |2 g+ 2O
(72 (., _ B
_<T M>( o)
Since
(2N (PO
- () o202
it follows that
N =T(e—p)(1 = Ro). (23)

Therefore, whenever Ry < 1, and € > p, we have

N > 0.
Conversely, since %’ﬁ < T,and € > p, it follows that
M < 0.

Thus, the Routh-Hurwitz conditions are satisfied whenever Ry < 1 and € > p. Consequently, the
infected subsystem is locally asymptotically stable. Since the eigenvalues of the uninfected subsystem
are also negative, all eigenvalues of the Jacobian matrix evaluated at Ey have negative real parts.
Therefore, the disease-free equilibrium Ej is locally asymptotically stable. O

3.2 Global Stability of the Disease Free Equilibrium Point (DFE)

The disease-free equilibrium is said to be globally asymptotically stable if every solution of the cholera
transmission model that starts in the biologically feasible region converges to the DFE as ¢t — oo.
Thus, regardless of the initial population sizes, the system eventually approaches the disease-free
state.

Proposition 5. The DFE of the system (3) is globally asymptotically stable if Ry < 1.
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To study the Global asymptotic stability of the DFE, we use the method introduced by Castillo-
Chavez.
Lemma 1 (Castillo-Chavez[3]). Consider a model system written in the form:

dXy
— = F(Xp, X
o = F(X1, X))

X
% = G(X1,X5), G(X1,0)=0

where X1 € R™ represents the vector of uninfected components (S, R) while Xo € R™ represents the
vector of infected components (I, B).

Let Xo = (X7,0) denotes the (DFE) of the system.

Also assume the conditions (H;) and (Hs) below:

(Hy) For % = F(X1,0), X7 is globally asymptotically stable.

(HQ) G(Xl,XQ) =AXy — G(Xl,XQ), G(XI,XQ) > 0 for (Xl,XQ) S Q,

where the Jacobian A = (5—%) (X7,0) is an M-matrix (the off-diagonal elements of A are non-

negative) and €2 is the biologically feasible region.
Then the DFE X, = (X7, 0) is globally asymptotically stable provided that Ry < 1.

Proof. We adopt the notations in the Lemma and verify conditions (H;) and (Hsz). In our model,
X1 =(S,R)7T, Xo=(I,B)" and X = (£,0)T.

The uninfected sub-system is: 8
a (S ¢—pS+oR
- = F(X,.0) = 24
i n)=reo=| 70T ] .
and the infected system is:
d (I S — (1)1
- =G = 25
dt<B> [(p—e)B—i—wI (25)
The solutions for S and R on solving sub-system (3.19) are: From the second equation of (3.19), we
have:
t@ _

R ——(u+6)/dt

In(R) =—(u+0)t+C

R(t) = R(0)e~ (#F0)t

As t — oo then, R(t) — 0.
Similarly, from the first equation of (20), since R(t) — 0 as t — oo we have:

tds
= [ dt
/0 ¢ — S
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- t
5))_ Zg((O) =e #* where C is a constant
Sty =2 - <¢ - ’“‘S(O)> et
[ [
As t — oo at DFE, then:
¢
S(t) =+
(t) .
Clearly, R(t) — 0 and S(t) — N = £ as t — oo regardless of the values of R(0) and S(0).

m
Hence, X} = (%, 0) is globally asymptotically stable for the sub-system % = F(X4,0).

To verify condition (Hz) of the Castillo-Chavez lemma, we write

G(X1, X2) = AXy — G(X1, X2),

where A is the Jacobian matrix of the infected subsystem with respect to the infected variables (I, B),
evaluated at the disease-free equilibrium.

) B(6)5
A= asS* =T -
w p—¢€
The off-diagonal entries of A are
6 *
Bl6)S and w,
K

which are non-negative since 5(6) > 0, S* > 0, k > 0, and w > 0. Hence, A is an M-matrix.
Therefore,

(aS* =TI + 6(6/35*
wl+(p—€)B

B

AXy =

Consequently, the nonlinear part is given by

G(X1, X2) = AXy — G(X1, X2),

which gives

50)S° ,  BO)SB
k+ B

0
Since the feasible region satisfies N(t) < % = 5% and S(t) < N(t),it follows that S(t) < S*,so that
a(S*—=S)I > 0.

Moreover, since k + B > k,we have

and therefore
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B0)S" , BOSB
K k+ B

Hence,

~

G(X1,X2) >0

for all (X7, Xs) € Q. Hence, condition (H») is satisfied.
Since, conditions (Hp) and (Hz) of the Castillo-Chavez lemma are satisfied, it follows that disease-free

equilibrium
E% = <¢,0,0,0>
7!

is globally asymptotically stable whenever Ry < 1. ]

3.3 Local Stability of the Endemic Equilibrium (EE)

The endemic equilibrium is said to be locally asymptotically stable if solutions of the cholera transmission
model that start sufficiently close to the endemic equilibrium remain close to it and converge to the
endemic equilibrium ast — oo.

In this study, the local stability of the endemic equilibrium is determined by evaluating the Jacobian
matrix of the model at E*. The endemic equilibrium is locally asymptotically stable if all eigenvalues
of the Jacobian matrix evaluated at E* have negative real parts.

Proposition 6. Suppose that the endemic equilibrium

EI* — (S*,I*7R*,B*)

exists. If the coefficients of the characteristic polynomial of the Jacobian matriz evaluated at E* satisfy
the Routh—Hurwitz conditions, then the endemic equilibrium E* is locally asymptotically stable.

Proof. The Jacobian matrix of the system evaluated at the endemic equilibrium E* is

—*—pn —aS* ) -C
N ¥ aS* =T 0 C
J(E) = 26
(E*) . R (26)
0 w 0 p—E€
where
B B(0)kS*
(k4 B*)?
The characteristic polynomial associated with the jacobian matrix is from
—F—pu— A —aS* 0 -C
X P* aS* =T — X 0 C
J(ET) =AM = 27
(E7) 0 I3 —(n+9)—A 0 (27)
0 w 0 (p—e€)—A

and it can be expressed as

A a A+ ao)? + as) +aqg = 0,
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where a1, a2, a3 and a4 are coefficients.

Applying the Routh-Hurwitz criterion [20], the characteristic polynomial has all its roots with negative
real partsif a; >0, a2 >0, a3>0, a4>0 ,aia0>a3 and ajasag > a% +a%a4 are satisfied.
The coeflicients of the characteristic polynomial are given by

a1 = (4" + 1) + (T = aS™) + (u+6) + (e - ),

az = (V* + p)(T' = aS™) + (" + p) (1 + 6)
+ (@ +p)(e—p) + (T — aS™)(n+9)
+ (T —aS")(e—p)+ (p+9)(e—p) +aS"YP" - Cuw,

az =(¢" + p)(T' — aS™)(p+0) + (¥° + p)(T — aS™)(e — p)
+ W+ p)(p+06)(e—p)+ (T —aS")(n+0)(c—p)
+ aS* " (u+ 0) + aS*Y* (e — p) — 0™ — Cw(2u + §),

ag =(¢* + p)(T' — aS™)(p + 0) (e — p) + aS™ Y™ (u + 6)(€ — p)
— 68y (e — p) — Cwplp +9).

Defining the two remaining Routh-Hurwitz conditions by
Hy =aia9 —a3 and Hy = aijasas — a% - a%a4,

gives
H, >0, Hs > 0.

Therefore, provided that a; > 0 where, ¢ = 1,2,3,4 and H; > 0, Hs > 0, the Routh-Hurwitz
criterion is satisfied. Consequently, all eigenvalues of J(E*) have negative real parts, and the endemic
equilibrium E* is locally asymptotically stable. O

4 Numerical Simulation and Discussion

Using the parameter values derived from published epidemiological studies, WHO reports and literature
on cholera outbreaks in table 1 and the initial conditions in table 2 below, numerical simulation results
were obtained.

The initial conditions for the numerical simulation were assumed to represent a typical ongoing
cholera outbreak scenario in a representative urban community such Nairobi, where high population
density, frequent human interactions and dependence on shared water and sanitation infrastructure
facilitate the spread of cholera. According to the 2019 Kenya Population and Housing Census, Nairobi
county had an approximate population of 4,397,073 people[9)].

Licensed Under Creative Commons Attribution (CC BY-NC)

230



Vol. 3(Iss. 1) 2026, pp.213-237, African Scientific Annual Review www.asarev.net ISSN: 3007-0902

Table 1: Parameter Values Used for Quantitative Sensitivity Analysis

Parameter

Recruitment rate

Natural death rate
Human-to-human transmission
rate

Environmental transmission rate
(baseline)
Environment-to-human
transmission (heavy rainfall)
Environment-to-human
transmission (drought)

Rainfall parameter
Half-saturation constant
Recovery rate

Loss of immunity rate
Disease-induced death rate
Pathogen shedding rate
Pathogen growth rate

Pathogen death rate

Table 2: Initial Conditions for Numerical Simulation

Compartment
Susceptible individuals
Infected individuals
Recovered individuals
Pathogen concentration

Symbol

"™ E D MM

Variable
5(0)

1(0)

R(0)
B(0)

231

Value
1000 persons/day
0.00027 day !

5.0 x 1078 person—'day~

0.01 day !
0.03 day !
0.025 day !

[0,1]

106 cells/ml

0.2 day !

0.003 day~*

0.0002 day !

1 cell/ml/person/day
0.35 day !

0.68 day !

Initial Value
3,703,704 persons
30000 persons
30000 persons
100,000 cells/ml
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[25]

[26]
Estimated

[13]
Estimated
Estimated

Estimated

Ref.

(25, 26]
Estimated
Estimated
Estimated

The SIR curves generated by the cholera model reveal classic epidemic patterns that provide crucial
insights into disease dynamics.
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Figure 2: Combined SIR-B dynamics over time

Figure 2 illustrates the interaction between the human population and the environmental reservoir of
Vibrio cholerae over time, highlighting how rainfall variation influences cholera transmission through

changes in environmental contamination.

The numerical simulations demonstrate that rainfall variation plays a significant role in shaping
cholera disease dynamics by influencing the environmental transmission pathway. The combined SIR-
B dynamics show a strong interaction between the human population and the environmental reservoir
of Vibrio cholerae, confirming that disease transmission is sustained through both direct human-to-
human contact and environmental contamination. However, the simulations consistently indicate that
the environmental pathway contributes more substantially to the overall transmission potential than

direct human-to-human transmission.
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Figure 3: Effect of rainfall variation on cholera transmission dynamics under three rainfall scenarios

Figure 3(a) describes disease dynamics under heavy rainfall conditions (6 = 0).

Figure 3(b) demonstrates disease dynamics under moderate rainfall conditions (6 = 0.5).

Figure 3(c)Demonstrates the disease dynamics under drought conditions (6 = 1).

Comparison of the three rainfall conditions revealed distinct transmission patterns. Heavy rainfall
produced the highest disease burden, characterized by the fastest decline in the susceptible population,
the highest peak in infected individuals, and the greatest accumulation of environmental pathogens.
This behavior reflects the ability of flooding to disperse Vibrio cholerae into water sources, thereby
increasing exposure to contaminated water and enhancing environmental transmission. In contrast,
moderate rainfall generated the lowest infection levels and the smallest environmental pathogen
concentration, suggesting that favorable water and sanitation conditions reduce environmental contamination
and limit disease transmission. Drought exhibited an intermediate pattern, where limited water
availability increased reliance on contaminated water sources, leading to higher transmission than
under moderate rainfall but lower transmission than under heavy rainfall.
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Figure 4: Endemic equilibrium (R > 1)

Figure in 4 initially shows that susceptible population is high, while the infected and recovered
populations represent only a small proportion of the total population. The environmental concentration
of Vibrio cholerae is also initially positive due to contamination from infected individuals. The
simulated trajectories further showed that all model compartments converged to positive equilibrium
values, indicating the persistence of cholera within the population. Consequently, the disease-free
equilibrium remained unstable, while the endemic equilibrium was locally asymptotically stable.
Although moderate rainfall reduced the transmission potential, the corresponding reproduction number
remained greater than one, indicating that cholera could still persist unless additional intervention
measures were implemented.
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Figure 5: Reproduction numbers for different rainfall conditions

The graph in figure 5 show the stability of the endemic equilibrium (EE), which is established when
(Ro > 1), and the disease-free equilibrium (DFE), which is established when (Ry < 1). Analysis of the
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reproduction numbers demonstrated that rainfall variation substantially influences the environmental
component of transmission. The environmental reproduction number was highest under heavy rainfall,
lowest under moderate rainfall, and increased again under drought conditions, producing a U-shaped
relationship between rainfall and transmission potential. Since the environmental reproduction number
constituted a large proportion of the total basic reproduction number across all rainfall conditions, the
simulations confirm that environmental transmission is the dominant pathway in the proposed model.

5 Conclusion and Recommendations

5.1 Conclusion

This study developed and analyzed a rainfall-dependent SIR-B cholera model to investigate the effect

of rainfall variation on cholera transmission dynamics. The model incorporates both direct human-to-
human transmission and indirect environmental transmission through the reservoir of Vibrio cholerae,
with rainfall variation incorporated through a nonlinear environmental transmission coefficient. Analytical
results established the positivity and boundedness of solutions, while the disease-free and endemic
equilibria were derived and their stability investigated using the basic reproduction number.

5.2 Recommendations

Based on the findings of this study, it is recommended that public health authorities should prioritize
interventions that reduce environmental contamination by improving access to safe drinking water,
strengthening sanitation infrastructure, and promoting hygiene practices, particularly during periods
of heavy rainfall and drought when the risk of cholera transmission is highest. Also, cholera surveillance
systems should incorporate rainfall and climate information into early warning systems to facilitate
timely implementation of preventive and control measures before outbreaks escalate into epidemics.
Since environmental transmission was found to contribute substantially to the overall basic reproduction
number, cholera control programmes should integrate environmental management strategies, including
protection of water sources, effective drainage systems, and rapid response to flooding events.
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